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Abstract
The spontaneous magnetization in Chern-Simons QED3 is dis-
cussed in a finite temperature system. The thermodynamical poten-
tial is analyzed within the weak field approximation and in the fermion
massless limit. We find that there is a linear term with respect to the
magnetic field with a negative coefficient at any finite temperature.
This implies that the spontaneous magnetic field does not vanish even
at high temperature. In addition, we examine the photon spectrum
in the system. We find that the bare Chern-Simons coefficient is can-
celled by the radiative effects. The photons then become topologically
massless according to the magnetization, though they are massive by
finite temperature effects. Thus the magnetic field is a long-range
force without the screening even at high temperature.
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1 Introduction
The 2+1 dimensional gauge field theories with Chern-Simons (C-S) term
have had a lot of motivation to study. In addition to their own theoretical
interests, they are expected to describe the physics of the planar systems like
the quantum Hall effect [1, 2] and the high TC superconductivity [3]. Many
interesting and remarkable properties of these theories have been found in
past a decade, such as their chiral dynamics [4, 5], the spontaneous parity
violation by radiatively induced C-S terms [6]. A few years ago, it was
also found that in a model of three dimensional quantum electrodynamics
(QED3) with a bare C-S term the spontaneous magnetic field can be stable
by the fermion loop effects, which eventually triggers the dynamical Lorentz
symmetry breaking (Hosotani [7]). He has calculated the energy densities as
a function of the magnetic field B in the fermion one-loop level and showed
that the minimum of the energy density can be at B 6= 0 under a consistency
condition for non-zero magnetic fields. It has been found that this condition is
also regarded as the sufficient condition for the spontaneous generation of the
magnetic field as well [8]. According to the spontaneous Lorentz symmetry
breaking, the physical photon, which is topologically massive in the tree level
due to the bare C-S term, becomes massless as a Nambu-Goldstone boson.
This mechanism of the spontaneous magnetization has been extended into
the cases with massive fermions with non-zero fermion density [9]. Even
in the case of no bare C-S term, the spontaneous magnetization can occur
by adding heavy fermions because the C-S term induced by them can play
the same role as the bare C-S term [10]. The spontaneous magnetic field is
expected to be important in the connection with the problem of the fractional
quantum Hall effect [2].
In this paper, the thermodynamic properties of the spontaneous mag-
netization in QED3 with a bare C-S term are investigated. Some of the
thermodynamic properties of the model without external fields have been
studied to some extent in the different contexts so far. The specific heat for
different values of the statistical angle is analyzed in ref. [11]. The restora-
tion of the parity at high temperature limit has been discussed in ref. [12],
in which it has been found that the radiatively induced parity violating C-S
term vanishes only in the high temperature limit. Our aim here is to exam-
ine whether the spontaneous magnetic field, which is dynamically generated
at T = 0, vanishes or not in a high temperature region. The model we are
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studying here is based on ref. [7], in which all fermions are very light so
that a non-zero bare C-S term is needed in the Lagrangian for the magneti-
zation [10]. In the finite temperature system, the energy density is replaced
by the thermodynamical potential. The quantum fluctuation of the thermo-
dynamical potential is investigated in the fermion one-loop level here. The
coefficient of the linear term with respect to the magnetic field in the poten-
tial is calculated as a function of temperature 3 as well as the classical part
of the potential. Negative values of the coefficient mean the existence of the
spontaneous magnetic field at finite temperature. We find that the coefficient
becomes more (negative) large behaving like ∼ − log T in high temperature
region. Thus the spontaneous magnetic field does not vanish even at high
temperature.
In addition, the spectrum of photons is also investigated in the finite tem-
perature system. At zero temperature, the photons are topologically massive
at tree level. The mass amounts to the C-S coefficient. If the magnetiza-
tion occurs, the bare coefficient of the C-S term is exactly cancelled by the
radiative effects [14, 15], so that the photons becomes massless. Therefore
the photons are regarded as the Nambu-Goldstone bosons of the dynamical
breakdown of the Lorentz symmetry [7, 8]. On the other hand, at finite tem-
perature, the Lorentz symmetry is explicitly broken by thermal effects. The
photons are then no longer massless even if the magnetization occurs. In
general, they eventually have the thermal masses [16, 17, 18]. The magnetic
part of the field strength, however, become statically massless and the mag-
netic force is a long-range force without the screening [12] if the topological
mass is cancelled out. We find that, in our model with massless fermions, the
bare topological mass is completely cancelled by the radiative effects even at
finite temperature if the magnetization occurs. This implies that the static
mass of magnetic fields vanishes according to the magnetization even at high
temperature. This is consistent with the result of the non-vanishing mag-
netic field by the thermodynamic potential approach. It is also found that
in the case of massive fermions the topological mass is cancelled out only in
the ‘chirally symmetric’ cases with massive fermions.
Furthermore we naively realize the reason of the spontaneous magnetiza-
3In our previous preprint [13], some insufficient treatment has been done especially in
the evaluation of the contribution of the zero-mode to the coefficient. These are correctively
changed in the first half of this paper.
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tion from the viewpoint of the difference of the free energies of free photons
between B 6= 0 and B = 0, where B is the magnetic field. It is found from
rough estimation that the linear |B| term with a negative coefficient appears
in the difference. This explains the magnetization at finite temperature to
some extent. These characteristics of the magnetization at finite temperature
might be interesting in the connection with the physics such as the high TC
superconductivity.
This paper is organized as follows. In the next section, some general
properties and statistic characteristics of the model will be presented. In
Sec 3, the spontaneous magnetization in this model in T = 0 case will be
reviewed briefly for a preparation for T 6= 0 cases in order to clarify the
essential point for the magnetization and also to fix some notations. The
strategy to extend the investigation to the finite temperature system will be
explained then. Sec. 4 will be devoted to the calculation of self-energies of
gauge bosons in the one-loop level and the weak-field approximation. In Sec.
5, the results that the spontaneous magnetic field does not vanish will be
presented in the fermion massless limit by analyzing the effective potential
both analytically and numerically. In Sec. 6, the spectrum of the physical
photons will be examined in the finite temperature system. In Sec. 7, the
reason why the spontaneous magnetic field does not vanish will be discussed.
Also some comments on our results will be in order. In the last section,
we will summarize our results. Some definitions, details of derivations and
formulas are summarized in Appendices.
2 Model in Finite Temperature System
We consider the model of QED3 with a bare Chern-Simons term de-
scribed by the Lagrangian
L = −1
4
F µνFµν − κ
2
ǫµνρAµ∂νAρ +
∑
a
ψ¯a {γµa (i∂µ + qaAµ)−ma}ψa , (1)
where gamma matrices are defined as γµa ≡ (ηaσ3, iσ1, iσ2). There can be two
types of photons according to the choice of ηa ≡ (i/2)trγ0aγ1aγ2a = ±1. Since
the model (1) has charge conjugation invariance, we can take the electric
charges qa to be positive without loss of generality. Also since the trans-
formation ma ↔ −ma is equivalent to ηa ↔ −ηa, we can consider ma as
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non-negative. We then call the fermion with ηa = ±1 as η±-fermion, respec-
tively.
Under the existence of a classical magnetic field B (〈0|Aµ|0〉 = −δµ1x2B),
the energy spectrum for the η+ fermion takes the form [19]
Ea0 = ǫ(qaB)× ωa0 ,
Ean = ± ωan, (n ≥ 1), (2)
where ǫ(x) is the usual sign function, ωan =
√
m2a + 2n/l
2
a and l
2
a = 1/|qaB|.
Then the general solution of the Dirac equation is
ψa(x) =
∑
n,p
anp
{
uanp(x)
wacnp(x)
}
+
∑
n,p
b†np
{
wanp(x)
uacnp(x)
}
,
(qaB > 0)
(qaB < 0)
, (3)
where ucnp = Ucu¯
t
np, Uc = γ2 and the same for w
c
np. The positive energy
solution unp and the negative energy solution wnp in eq. (3) are
u0p(x) =
1√
lL1
e−i(ω0t+kx
1)
(
v0(ξ)
0
)
, (4)
unp(x) =
1√
lL1
e−i(ωnt+kx
1) 1√
2ωn
( √
ωn +mvn(ξ)
−i√ωn −mvn−1(ξ)
)
, (n ≥ 1), (5)
wnp(x) =
1√
lL1
e+i(ωnt−kx
1) 1√
2ωn
( √
ωn −mvn(ξ)
i
√
ωn +mvn−1(ξ)
)
, (n ≥ 1), (6)
where we dropped the fermion index a for simplicity, and k = 2πp/L1 (p:
integer), ξ = x2/l − lk and vn(ξ) = (−1)nπ−1/4(2nn!)−1/2eξ2/2dn/dξne−ξ2.
The solution for η− fermion is obtained by making the transformation (t→
−t) from corresponding η+ cases. There is an asymmetry between positive
and negative energy solutions in the lowest Landau levels. The vacuum
expectation value of the total charge is (see eq. (A.2))
〈0|Qˆ|0〉 =∑
a
qaN
a
s ηaǫ(B)
(
νa − 1
2
)
, (7)
where the number of degeneracy is given by Nas =
∑
p 1 = |qaB|/2π ×
∫
d2x
and we introduced the filling factor νa ≡ 〈0|νˆa|0〉 for each fermion ψa,
νˆa =
{ ∑
p a
†
0pa0p/N
a
s , (ηaǫ(B) > 0),∑
p b
†
0pb0p/N
a
s , (ηaǫ(B) < 0).
(8)
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We here consider the completely filled (νa = 1) or the empty (νa = 0) cases
for zero temperature. From the time component of the equation of motion
with the charge, we have a relation
∫
d2xκB = 〈0|Qˆ|0〉. The consistency
condition for B 6= 0 is then obtained from this relation and eq. (7) as
κ =
∑
a
ηaq
2
a
2π
(
νa − 1
2
)
. (9)
In this paper, we would like to study this model in the finite temperature
system. The partition function for the fermion sector is given by
Z = tre−β(Hˆ−µQˆ)
=
∏
a
(
e−βω
a
0 e
1
2
βµaqaηaǫ(B) + e−
1
2
βµaqaηaǫ(B)
)Na
s
×
∞∏
n=1
(
1 + e−β(ω
a
n
−µaqa)
)Na
s
(
1 + e−β(ω
a
n
+µaqa)
)Na
s
eβω
a
n
Na
s , (10)
where β = 1/T and µQˆ =
∑
a µaQˆa (see eqs. (A.1) and (A.2)). The total
charge Q =
∑
aQa in the finite temperature system is obtained by using (10),
Qa =
1
β
∂ lnZ
∂µa
. (11)
Note that our definition of the chemical potential is a little different from
the ordinary one and qaµa in our notation is normally called the chemical
potential in the literature. The condition for B 6= 0 in the finite temperature
system is given from the time component of the equation of motion as κ =
Q/(V B), where V is the two-dimensional volume. In the massless limit
(ma → 0), this becomes by using eqs. (10) and (11)
κ = ǫ(B)
∑
a
q2a
2π
{
1
2
tanh
(
1
2
qaβµa
)
+
∞∑
n=1
(
1
eβ(ωan−qaµa) + 1
− 1
eβ(ωan+qaµa) + 1
)}
. (12)
The chemical potential µa is determined as a function of T and B by eq.
(12) or by the following relations which are induced from eqs. (9) and (12):
1 = tanh
(
1
2
qaβ|µa|
)
+2
∞∑
n=1
(
1
eβ(ωan−qa|µa|) + 1
− 1
eβ(ωan+qa|µa|) + 1
)
, (13)
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Figure 1: The chemical potential |µa| in the fermion massless limit. By
assuming the consistency condition (12), µ become a function of B and T .
It can be seen that |µa| is a monotonous decreasing function of T with the
definite magnetic field |B|. The solid line is the case of |qaB|/κ2 = 1/2. The
dashed line is the case of |qaB|/κ2 = 1/4.
and ǫ(µa) = 2ǫ(B)ηa(νa − 1/2). The asymptotic behavior of |µa| is obtained
from (13). We can easily see that |µa| ≃ ωa1/2 =
√
|qaB|/(2q2a) in the low
temperature limit (β → ∞). At high temperature, we also see that |µa|
behaves like ∼ β|B|. We show the behavior of the chemical potential as a
function of T at some values of B (Figure 1). It can be seen in the figure
that |µa| is a monotonously decreasing (increasing) function of T for fixed
B > 0 (B < 0) and is also a increasing function of |B| with fixed T . We also
find from the relation (13) that for small β2|B|,
|µa| ≃ 1
4 ln 2
β|B|+O(|B|2). (14)
Note that the non-zero µa here comes from the asymmetry of the lowest
Landau levels. In the case of B = 0, the asymmetry vanishes so that µa
becomes zero.
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Figure 2: The thermal behavior of the filling factors 〈νˆ±〉 for fixed |B|. The
solid line shows the behavior of 〈νˆ+〉. The dashed line is that of 〈νˆ−〉. We
here set ν+ = 1 and ν− = 0 at T = 0, taking account of eq. (9).
Now we comment on the thermal behavior of the filling factors. The choice
of the filling factors at zero temperature is taken to satisfy the consistency
condition (9) with κ 6= 0. The thermal average of filling factors is easily
calculated by using (8) as
〈νˆa〉 = 1
e−βqaµaηaǫ(B) + 1
. (15)
When we set ν+ and ν− (the filling factors for η+ and η−-fermions, respec-
tively) into 1 and 0 at T = 0 respectively, the thermal average 〈νˆ+〉 (〈νˆ−〉) be-
comes the monotonous decreasing (increasing) function of T and 〈ν±〉 → 1/2
at large T (see Figure 2). This merely shows that the probability that the
η±-fermion exits in a lowest Landau level is multiplied by no statistical weight
at high temperature limit.
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3 SpontaneousMagnetization, Strategy to Fi-
nite Temperature System
In this section, we will show our strategy to study the spontaneous
magnetization in the finite temperature system. To this aim, we start from
a short review for the zero temperature case, which have been discussed at
first by Hosotani [7, 8]. Next we shall discuss the extension to the finite
temperature case.
At zero temperature, Hosotani has shown in the same model that the
spontaneous magnetic field can be stable and then triggers the spontaneous
breakdown of the Lorentz invariance. The effective potential has been calcu-
lated in a weak field approximation and the fermion massless limit [7]. The
classical part (∆E (3) in ref. [7]) of the potential yields the contributions of
the orders of |B|3/2 (matter) and |B|2 (photon) with positive coefficients.
The minimum of the potential of the classical part is then at B = 0. The
radiative correction to the potential drastically changes the situation. The
deviation of the fermion-loop contribution to the effective potential between
B 6= 0 and B = 0, E rad (≡ ∆E (1) −∆E (2), in ref. [7]), is given by
E rad = − i
2
∫
d3p
(2π)3
ln
(1 + Π0) {1 + (p20Π0 − ~p2Π2)/p2} − (κ− Π1)2/p2
(B → 0) , (16)
where Πi(=
∑
aΠ
a
i ), (i = 0, 1, 2) are defined from the one-loop contribution
of the vacuum polarization tensor:
Γµν(p) = (pµpν − p2gµν)Π0(p) + iǫµνρpρΠ1(p)
+(1− δµ0)(1− δν0)(pµpν − ~p2δµν)(Π2(p)−Π0(p)). (17)
In the case of ∀qa = e(> 0) and N+f = N−f ≡ N (called the chirally symmetric
case), putting the filling factors ν+ = 1 and ν− = 0 on taking account of
the condition (9), E rad is then calculated in the fermion one-loop level by
taking a weak field approximation and the fermion massless limit: E rad =
−eκ/π2 tan−1(4/π) |B|+ · · ·. This implies that there cannot be the minimum
value of the effective potential at the point of B = 0 so that the spontaneous
magnetization occurs. Then by the relation 〈0|[iM0i, F 0j(x)]|0〉 = ǫijB 6= 0
where Mµν are the generators of the Lorentz transformation, it is found that
the non-vanishing magnetic field B induces the spontaneous breakdown of
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the Lorentz invariance. Note that the essential point for this result is the
existence of the non-vanishing negative coefficient of the linear |B| term in
the effective potential, which comes from the radiative correction part E rad.
If we set the bare C-S parameter κ into zero, the linear term vanishes and
the symmetry is restored.
From now, we discuss the extension of the effective potential to the finite
temperature system. The effective potential (energy density), E(B), is then
replaced by the thermodynamical potential Ω(B, T, µ) [20]. In the case of
B = 0, Bralic et. al. has calculated the potential in this model in the
different context [11]. In the B 6= 0 case, the classical part of the fermion
sector is given by
Ωfermi0 = −
1
V β
lnZ, (18)
where V is the two-dimensional volume and Z is defined in eq. (10). We
show an expression of Ωfermi0 in Appendix 1. We confirm that there is no
linear B term in Ωfermi0 there [26]. The quantum fluctuation part of Ω is
more important here because we are interested in the spontaneous magnetic
field for which the quantum part is essential in the case of T = 0. The
extension of this part to the finite temperature system is well performed by
the Matsubara method [21]. The fluctuation interaction part, Ωrad, of the
thermodynamical potential is then obtained from the eq. (16) just by taking
the replacement [22]
p0 → ip3 = i2mπ
β
, (m : integer), (19)
∫
dp0
2π
→ i
β
∑
m
. (20)
and Πai (p
2, B) → Π˜ai (~p2, B, β)m, (i = 0, 1, 2) for bosonic loop integrations.
As to the fermion loops included in Π˜i, we employ the replacement with
imposing anti-periodic boundary condition,
k0 → ik3 = i(2n+ 1)π
β
+ qaµa, (n : integer), (21)
∫
dk0
2π
→ i
β
∑
n
. (22)
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Thus the deviation of the quantum fluctuation part of the potential is for-
mally expressed in the finite temperature system by
Ωrad =
1
2β
∑
m
∫ d2~p
(2π)2
× ln
(1 + Π˜0)
{
1 + (p23Π˜0 + ~p
2Π˜2)/(p
2
3 + ~p
2)
}
+ (κ− Π˜1)2/(p23 + ~p 2)
(B → 0) .
(23)
We, however, will not treat this expression directly. Since the non-zero
coefficient of the linear B term is essential for the spontaneous magnetization,
what we have only to know in detail for our purpose is just the coefficient
C(β, µ0) in Ω
rad,
Ωrad = C(β, µ0)|B|+ (higher orders of |B|), (24)
where µ0 ≡ µ(β)|B=0 is zero in the fermion massless limit because of eq.
(14). We will concentrate our attention into C(β) ≡ C(β, 0) from now. The
coefficient is decomposed into two parts as
C(β) =
∂Ωrad
∂B
∣∣∣∣∣
B=0,µ=0
+
∂Ωrad
∂µa
∂µa
∂B
∣∣∣∣∣
B=0,µ=0
≡ C0(β) + Cµ(β). (25)
The first term is obtained from eq. (23) as
C0(β) =
1
2β
∞∑
m=−∞
∫
d2~p
(2π)2
[
∂Π˜0
∂B
{
p23 + ~p
2 + (p23Π˜0 + ~p
2Π˜2)
}
+(1 + Π˜0)
{
p23
∂Π˜0
∂B
+ ~p 2
∂Π˜2
∂B
}
− 2(κ− Π˜1)∂Π˜1
∂B
]
×
[(
1 + Π˜0
) {
(p23 + ~p
2)+
p23Π˜0 + ~p
2Π˜2
}
+ (κ− Π˜1)2
]−1∣∣∣∣
B=0,µ=0
. (26)
The second term in eq. (25) is the contribution of the chemical potential
µ. We however easily see that Cµ(β) does not contribute. Since Ω
rad is the
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deviation of the quantum fluctuation between at B 6= 0 and at B = 0, we
can easily see that Cµ(β) becomes zero by virtue of eq. (13).
As long as the coefficient C(β) is negative, the spontaneous magnetic field
does not vanish. In order to evaluate the behavior of C(β) by using (26), we
need to calculate Π˜i’s. In the next section, we will show the details of the
calculation of Π˜i’s. Since we are interested in the coefficient of the linear |B|
term, C0(β), the calculation will be performed up to the order O(B1) there.
4 Boson Self-energies at finite temperature
This section will be devoted to the calculation of the boson self-energies
Π˜i(i = 0, 1, 2) at T 6= 0, which are composed of the fermion one-loop di-
agrams. In the T = 0 field theory, the fermion propagator S(x, y) in the
classical field B is expressed by the proper-time method [7]. We just quote
the expressions and some character of S(x, y) in Appendix 2. The fermion
one-loop contributions to the vacuum polarization tensors are then calculated
by
Γaµν(p) = i q2a
∫
d3k
(2π)3
tr [γµSa0 (k)γ
νSa0 (k − p)] , (27)
where propagator Sa0 (p) is defined in eq. (A.7) and Γ
µν(=
∑
a Γ
aµν) are
related to Πi(=
∑
aΠ
a
i ) in eq. (17).
Since we are interested in the coefficient of |B| in Ωrad, we here take
the weak field approximation up to the order O(B1) in the calculation with
setting µa = 0. (In Sec. 6, we will adopt a little better approximation to
evaluate the spectrum of the photons.) We here show it only in the case of
η+1-fermion in qaB > 0 because other cases are connected with this case by
eqs. (A.6) and (A.9). At first, we consider the contributions of fermions with
νa = 0. We drop the fermion index a for a while just for avoiding complexity.
The expansion of S0(p)
η=+1
ν=0 by 1/l
2 = |qB| becomes
S0(p)
η=+1
ν=0 =
m+ p/
p2 −m2 + iǫ −
mσ3 + p0I
(p2 −m2 + iǫ)2 l
−2 +O(l−4)
≡ S0(p)η=+1(0)ν=0 + S0(p)η=+1(1)ν=0 l−2 +O(l−4). (28)
We then obtain the expansion of Γµν from eqs. (27) and (28) in the case of
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ν = 0: Γµν(p)η=+1ν=0 = Γ
µν(p)
η=+1(0)
ν=0 + Γ
µν(p)
η=+1(1)
ν=0 l
−2 +O(l−4), where
Γµν(p)
η=+1(0)
ν=0 ≡ i q2
∫
d3k
(2π)3
tr
[
γµS0(k)
(0)
ν=0γ
νS0(k − p)(0)ν=0
]
, (29)
Γµν(p)
η=+1(1)
ν=0 ≡ i q2
∫
d3k
(2π)3
{
tr
[
γµS0(k)
(0)
ν=0γ
νS0(k − p)(1)ν=0
]
+tr
[
γµS0(k)
(1)
ν=0γ
νS0(k − p)(0)ν=0
]}
. (30)
Since we can easily check Γµν(p)
η=+1(1)
ν=0 to be zero due to the properties
of the Dirac γ-matrices, we can regard Γµν(p)η=+1ν=0 as Γ
µν(p)
η=+1(0)
ν=0 in this
approximation. Next, let us consider the case of ν = 1. The propaga-
tor in this case is given in (A.11). It is convenient to see the deviation
δΓµν(p)η=+1 ≡ Γµν(p)η=+1ν=1 − Γµν(p)η=+1ν=0 , where
δΓµν(p)η=+1 = i q2
∫ d3k
(2π)3
{
tr
[
γµS0(k)
η=+1
ν=0 γ
νf(k − p)
]
+tr
[
γµf(k)γνS0(k − p)η=+1ν=0
]}
+i q2
∫
d3k
(2π)3
tr [γµf(k)γνf(k − p)] . (31)
Since f(p) includes the part e−~p
2l2 (see Appendix 2), it cannot be taken the
Taylor expansion by 1/l2 in a usual sense. We have to keep this part in our
calculation whereas we drop terms with the part l−2×e−~p 2l2 . The last term of
r.h.s. in eq. (31) is then dropped in this sense. Hence, in our approximation,
Π˜i’s are calculated by the following expressions:
Γµν(p)η=+1ν=0 = i q
2
∫
d3k
(2π)3
tr
[
γµS0(k)
(0)
ν=0γ
νS0(k − p)(0)ν=0
]
+O(l−4), (32)
8Γµν(p)η=+1ν=1 = Γ
µν(p)η=+1ν=0 + i q
2
∫
d3k
(2π)3
{
tr
[
γµS0(k)
η=+1(0)
ν=0 γ
νf(k − p)
]
+ tr
[
γµf(k)γνS0(k − p)η=+1(0)ν=0
]}
+O(l−2e−l2p2). (33)
Before proceeding to the calculation of Π˜i, we mention the consistency of
our approximation scheme. The self-energies at T = 0 (Πi’s) are calculated
by using the expressions in eqs. (32) and (33) up to the order O(B1). They
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are presented in eqs. (A.12) ∼ (A.17) in Appendix 3. We can see that
these expressions are consistent with the calculation by Hosotani [7]. His
calculation of the self-energies by virtue of the proper-time representation
includes the ultra-violet divergence which has to be renormalized. On the
other hand, we do not have any ultra-violet divergence in our calculation.
This is because the divergence part appears only in the term higher order
than O(|B|), which we are now neglecting.
Now we go to the case in the finite temperature system. By applying
the replacements (21) and (22) (and p0 → ip3) to Πi’s calculated in eqs.
(A.12) ∼ (A.17) with eq. (A.34), we obtain Π˜0, Π˜1 and Π˜2 in the weak field
approximation, which are presented in Appendix 4. From now we take the
fermion massless limit (ma → 0). We also restore the fermion index a in the
expression. For the case of νa = 0, Π˜i’s become then
Π˜a0,ν=0(p3, ~p
2, B, β) =
q2a
16
1
(~p 2 + p23)
1/2
+ Aa0(p3, |~p|, β) +O(|B|2), (34)
Π˜a1,ν=0(p3, ~p
2, B, β) = 0 +O(|B|2), (35)
Π˜a2,ν=0(p3, ~p
2, B, β) = − p
2
3
~p 2
Π˜a0,ν=0(p3, ~p
2, B, β)
+
q2a
16~p 2
(~p2 + p23)
1/2 − 1
~p 2
Aa2(p3, |~p|, β) +O(|B|2),(36)
where Aa0 and A
a
2 are contributions of finite temperature effects from the
fermion loops and take the forms as
Aa0(p3, |~p|, β) =
q2a
2π~p2
∫ ∞
0
dk
1
eβk + 1
×

1−


√
(~p2 + p23 − 4k2)2 + 16k2p23 + ~p 2 + p23 − 4k2
2(~p 2 + p23)


1
2

 , (37)
Aa2(p3, |~p|, β) =
p23q
2
a
2π~p 2
∫ ∞
0
dk
1
eβk + 1
+
q2a
4π
(~p 2 + p23)
1/2
~p 2
∫ ∞
0
dk
1
eβk + 1
× (∗)√
(~p 2 + p23 − 4k2)2 + 16k2p23
, (38)
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where
(∗) ≡
√
2
{
(4k2 − p23)
[√
(~p 2 + p23 − 4k2)2 + 16k2p23 + ~p 2 + p23 − 4k2
]1/2
−4k(p23)1/2
[√
(~p 2 + p23 − 4k2)2 + 16k2p23 − (~p 2 + p23 − 4k2)
]1/2}
.
We can see from eqs. (37) and (38) that Π˜a0 and Π˜
a
2 grow like ∼ T at high
temperature for fixed p3. This behavior has already been pointed out in ref.
[12], where the calculation has been based on the real-time formalism. As to
the case ν = 1, we obtain
Π˜a0,ν=1(p3, ~p
2, B, β) = Π˜a0,ν=0(p3, ~p
2, B, β), (39)
Π˜a1,ν=1(p3, ~p
2, B, β) = ηa
q3a
π
1
~p 2 + p23
|B|+O(e−~p 2/(qa|B|)), (40)
Π˜a2,ν=1(p3, ~p
2, B, β) = Π˜a2,ν=0(p3, ~p
2, B, β). (41)
Note that only Π˜a1,ν=1 depends on the magnetic field in this approximation.
We can neglect the term of the order O(e−~p 2/(qa|B|)) in eq. (40) for the
evaluation of C(β) because this term is sufficiently smaller than the linear
term for small |B|.
Therefore, we have calculated all the self-energies Π˜i up to the order
O(B1) in the fermion massless limit. In the next section, we will investigate
the character of the effective potential Ωrad by analyzing the coefficient of
the linear term C(β) by using the results in (34) ∼ (41).
5 Thermodynamical Potential
We here examine the effective potential in the finite temperature system.
The purpose is, as we mentioned before, to decide whether the spontaneous
magnetic field, that takes non-zero value at T = 0, vanishes at high tempera-
ture or not. We shall analyze the coefficient of the linear |B| term C0(β) in the
potential Ω(B, β, µa) by using Π˜i’s calculated in the massless limit in the last
section. In the evaluation, we set qa = e > 0, and assume N
+
f = N
−
f = N .
The filling factors ν+ and ν− are set their value into 1 and 0 at T = 0, respec-
tively. The condition (9) becomes then κ = e2N/(2π). By using eqs. (34) ∼
14
(41) as well as this condition, the coefficient C0(β) in eq. (26) is expressed
as
C0(β) = − eκ
2π2
α
∞∑
m=−∞
∫ ∞
0
dx
x5
Fm(x , α)
, (42)
where α ≡ 2πT/κ and x ≡ |~p|/κ.
The function Fm(x , α) in r.h.s. of eq. (42) is defined as
Fm(x , α) ≡
[
x2
(
x2 + (αm)2
)
+
π
4
x2
√
x2 + (αm)2 + A˜0(x, α, m)
]
×
[
x2
(
x2 + (αm)2
)
+
π
4
x2
√
x2 + (αm)2 − A˜2(x, α, m)
]
+x4
(
x2 + (αm)2
)
, (43)
where
A˜0(x, α,m) ≡
∑
a
Aa0 (καm, κx, 2π/(κα))x
2
(
x2 + (αm)2
)
, (44)
A˜2(x, α, m) ≡
∑
a
Aa2 (καm, κx, 2π/(κα))
(
x
κ
)2
. (45)
Before the numerical analyses, let us see the asymptotic behavior of C0(β)
described in (42). At first, we consider the low temperature limit. Since A˜0
and A˜2 have the factor 1/(e
βk + 1) (see eqs. (37) and (38)), these terms are
rapidly dumped. Then Fm(x , α) is replaced by x
4 × f(x , αm), where
f(x , αm) =
(
x2 + (αm)2
){
1 +
(
π
4
+
√
x2 + (αm)2
)2}
. (46)
The coefficient is then calculated by making use of the Euler-Mclaurin’s
mathematical formula (see Appendix 6.) as below,
C0(β) → − eκ
2π2
α
{
2
∞∑
m=0
∫ ∞
0
dx
x
f(x, αm)
−
∫ ∞
0
dx
x
f(x, 0)
}
= − eκ
2π2
α
{
2
α
∫ ∞
0
dy
∫ ∞
0
dx
x
f(x, y)
+ lim
m→∞
∫ ∞
0
dx
x
f(x, αm)
+O(α)
}
= −eκ
π2
∫ ∞
0
dr
1
1 +
(
π
4
+ r
)2 +O(α2), (x = r cos θ, y = r sin θ)
= −
{
eκ
π2
tan−1
4
π
+O(T 2)
}
, (T ≃ 0) . (47)
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Figure 3: The behavior of the coefficient C(β) (β = 1/T ) is shown by the
solid line. It can be seen that the coefficient is negative and does not vanish
even at high temperature. Rather, the absolute value becomes larger as
∼ log T . The point A which is the low temperature limit takes the value
κe/π2 tan−1(4/π). The dotted line is the contribution of the zero-mode. The
dashed line is the summation of the other modes.
Thus we indeed reproduce the result in [7]. Secondly, at high temperature
region, the contribution of the zero mode (m = 0) becomes dominant because
that of the non-zero modes (m 6= 0) is relatively suppressed by 1/T as
C0(β)m6=0modes = −eκ
π2
α
∞∑
m=1
∫ ∞
0
dx
x5
Fm(x, α)
→ −κe
6α
∫ 1
0
dt
sinh t
cosh3 t
, (x = αm sinh t)
= − κ
2e
24π
1
T
, (T →∞). (48)
The contribution of the zero mode does not vanish in the limit and behaves
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like
C0(β)m=0mode → − eκ
2π ln 2
ln
T
κ
, (T →∞). (49)
Eqs. (48) and (49) show that C0(β) does not vanish at any finite temperature.
The numerical analyses show that the coefficient C0(β) is always negative
at any temperature (Figure 3). The non-vanishing C0(β) means that the
thermodynamical potential Ω does not have its minimum value at B = 0 at
any temperature.
6 Photon Spectrum at Finite T and µ
At T = 0 and µ = 0 case the spontaneous magnetic field implies the
dynamical Lorentz symmetry breaking. The massless pole then appears in
the spectrum of the physical photons by virtue of the Nambu-Goldstone
theorem. Namely, there is no spontaneous magnetization at tree level and
photons then have a topological mass |κ| whereas the magnetization occurs at
one loop level and photons then become massless. The massless-ness comes
from the exact cancellation of the bare topological mass κ by Π1(0) [7, 8, 15].
It has been well known that the cancellation is exact for all orders of the
perturbation [14].
In the finite temperature system, the Lorentz symmetry is explicitly bro-
ken by the temperature effects. On the other hand, we have just shown by
the thermodynamical potential approach that the spontaneous magnetic field
does not vanish at any finite temperature. It is of very interest to examine
the photon spectrum in the finite temperature system. The photons then
becomes massive by temperature effects even if the topological mass is can-
celled out at loop levels. From the Lagrangian (1) the photon spectrum in
the finite temperature system is determined by [12, 18]
(p2 − Π˜2L)(p2 − Π˜2T )− p2Π˜2topo = 0, (50)
where Π˜L and Π˜T becomes the thermal masses for the longitudinal and trans-
verse modes respectively when the topological mass Π˜topo is zero. In our
model Π˜L,T and Π˜topo are
Π˜L(p
2) = −p2∑
a
Π˜a0(p
2), (51)
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Π˜T (p
2) = −p20
∑
a
Π˜a0(p
2) + ~p 2
∑
a
Π˜a2(p
2), (52)
Π˜topo(p
2) = κ−∑
a
Π˜a1(p
2), (53)
where we wrote p3 = −ip0. By using eqs. (34), (36), (39) and (41), the
expressions of Π˜L and Π˜T at high temperature are obtained in the chirally
symmetric case as
Π˜L = 4Nω
2
p
p2
~p 2
(
p0
p
− 1
)
, (54)
Π˜T = 4Nω
2
p
p0
~p 2
(p0 − p) , (55)
where ω2p ≡ (e2 ln 2/4π)T is the plasma frequency. These are consistent with
the results by Klein-Kreisler et. al. [12].
At first, let us consider the case of Π˜topo(0) = 0. In terms of the field
strength, Π˜L and Π˜T are the thermal masses of electric fields and magnetic
fields respectively. In the static limit (p3 = 0, ~p → 0) [17], we easily obtain
Π˜L = 4Nωp and Π˜T = 0. The electric fields are then massive and become
short-range force and thus screened, whereas the magnetic fields are massless
and remains long-range forces. In dynamic cases such as plasma oscillation,
both fields are massive with the same mass ∼ ωp. Secondly, in the case
of Π˜topo(0) ≡ κ˜ 6= 0, the electric and magnetic fields become both massive.
They have the same static masses ∼
√
4Nω2p + κ˜
2. Also, the dynamic masses
of the photons become approximately ∼
√
2Nω2p + κ
2. Therefore if κ˜ is zero
at any temperature, we can obtain a certain relationship at finite temperature
between the magnetization and the statement that the magnetic fields remain
long-range forces.
In the following we shall show that in our model, the topological mass κ˜
vanishes at any temperature:
κ˜ = κ−∑
a
Π˜a1(0) = 0. (56)
We stress that this is not contradictory with the results by Lykken et. al. [24].
In our model, we at first put the fermion distribution at zero temperature.
The chemical potential is then not a free parameter but a function of B and
T , which is determined by the consistency condition at finite temperature.
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Now we calculate Π˜1(0) in the weak field approximation. we here leave the
fermion massive (but not so heavy). For the ν = 0 fermions, the contribution
is easily calculated from (A.25) by putting p3, ~p = 0 and using the formula
(A.34) as
Π˜aν=01 (0) = −
q2aηa
4π
(
1− 1
eβ(ma−qaµa) + 1
− 1
eβ(ma+qaµa) + 1
)
. (57)
We can easily see that, when ma = 0, Π˜
aν=0
1 (0) becomes zero at any tem-
perature and density as in eq. (35). In the low temperature limit, eq. (57)
reproduces the result in [5, 7]. At high temperature limit, it becomes zero.
Next, we consider the case of ν = 1 fermions. We cannot use eq. (40) to take
the limit of p3, ~p = 0 because the approximation for eq. (40) is of the order
O(|B|) which is not appropriate here. So we go back to the expression in
eq. (A.16). Here we consider Π˜aν=11 (0) as the form getting from applying the
replacement (19), (21) and (22) to eq. (A.16). By using the formula (A.34),
we can decompose δΠ˜a1(≡ Π˜aν=11 − Π˜aν=01 ) as
δΠ˜a1(p) = δΠ
a
1(p) + Π˜
a
1(p, β)Thermo, (58)
where δΠa1 is the deviation between ν = 0 and ν = 1 of the induced C-S term
at T = 0, which has been calculated by using the proper time representation
as [7],
δΠa1(p) =
ηaq
2
a
2π
(
1
2− p2l2a − 2map0l2a
+
1
2− p2l2a + 2map0l2a
)
. (59)
In eq. (59), when we neglect the contribution of higher orders of |B| than
the first order, the result in eq. (A.22) is of course reproduced. This becomes
ηaq
2
a/(2π) for pµ = 0. The second term in r.h.s. in eq. (58) is defined in eq
(A.30). We obtain the expression as (see Appendix 5.)
Π˜a1(p, β, B, µa)Thermo
= ηaq
2
al
2
ap0(p0 + 2ma)e
−p0(p0+2ma)l2a {θ(p0)− θ(−p0 − 2ma)}
×
{
θ(−p0 −ma + µa)
1 + eβ(−p0−ma+µa)
− θ(p0 +ma − µa)
1 + eβ(p0+ma−µa)
+ θ(p0 +ma − µa)
}
−ηaq2al2ap0(p0 − 2ma)e−l
2
a
p0(p0−2ma) {θ(−p0)− θ(p0 − 2ma)}
×
{
θ(ma − µa)
1 + eβ(ma−µa)
− θ(−ma + µa)
1 + eβ(−ma+µa)
− θ(ma − µa)
}
+O(|~p|). (60)
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It is easily seen from eq. (60) that the additional term Π˜aν=11 (0)Thermo be-
comes zero at any temperature.
Thus, from eqs. (57), (58) and (59) with the condition (9), we find
that eq. (56) holds when the fermion massless limit is taken or when the
chirally symmetric case (N+f = N
−
f = N) with massive (light) fermions is
considered. In those cases, the following statement is allowed. According to
the spontaneous magnetization, the magnetic part of the field strength has
no any static mass and become long-range forces. If there is no spontaneous
magnetization, the magnetic field becomes short range force due to the non-
vanishing topological mass (κ˜ = κ 6= 0).
7 Discussion
In Sec. 6 we have shown that the spontaneous magnetization induces the
fact that the static masses of magnetic fields vanish and the magnetic force
becomes a long-range one. In spite of the direct breakdown of the Lorentz
invariance by temperature effects, this relation between the magnetization
and massless-ness of the magnetic fields is quite interesting, though the con-
nection with the Nambu-Goldstone theorem has not been clarified yet. In
addition, eq. (56) is indeed consistent with the result from the thermody-
namical potential approach.
Now let us consider the reason why the spontaneous magnetization oc-
curs even at high temperature. This result might look somewhat strange
when we remember various symmetries which are spontaneously broken at
low temperature and restored at high temperature; chiral symmetry, gauge
symmetry for weak interaction, some physics of magnetization like in fer-
romagnetic materials [23] and so on. At T = 0 case, the viewpoint from
observing the shift in zero-point energies of photons could explain the ap-
pearance of the negative coefficient of the linear |B| term to some extent [8].
Similar approximate estimation at finite temperature can be also useful. In
the finite temperature system, the free energies of photons should be con-
sidered as well as the zero-point energies. If there is no magnetic fields, the
photons have the dynamic mass ∼
√
2Nω2p + κ
2 [17]. On the other hand, if
the spontaneous magnetization occurs, the mass is shifted to ∼
√
2Nω2p. The
difference of the free energies of the photons between these cases is expressed
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as
∆F boson = F boson(m2 = 2Nω2p)− F boson(m2 = 2Nω2p + κ2)
= ∆Ez.p. +∆F˜
boson, (61)
where ∆Ez.p. is deference of the photon zero-point energies and
∆F˜ boson =
1
β
∫ d2~p 2
(2π)2
ln
1− e−β
√
~p 2+2Nω2
p
1− e−β
√
~p 2+2Nω2
p
+κ2
. (62)
The rough estimation for ∆F˜ boson shows that there is the linear |B| term
with negative coefficients for small |B| region, whereas the linear term in
∆Ez.p. vanishes at high temperature limit. On the other hand, it can be
seen that the positive contribution of B fields to Ωfermi0 amounts to the order
O(|B|2) in the fermion massless limit. (When fermions are massive, there is
the linear term with positive coefficient at T = 0. [10, 25]) These estimations
are summarized in Appendix 1. Therefore we can realize to some extent that
the spontaneous magnetization occurs even at finite temperature at least at
small B cases.
We have seen that the coefficient C(β) becomes larger in the high temper-
ature region (see fig. 3). We stress that this does not always mean that the
spontaneous magnetic field, which is determined by observing the minimum
of the potential, is an increasing function of T . Rather, it may be a decreas-
ing function if the contribution of the higher orders of B to Ωrad becomes
dominant and it holds the value of the potential upper as temperature grows
in the large B region. Then expectation value 〈B〉 would become smaller,
even though C(β) become larger as T grows. In this case, 〈B〉 goes to vanish
effectively at high temperature limit. Such situation is very similar to the
restoration of the parity violation analyzed by Klein-Kreisler et.al. [12]. We,
however, do not discuss any more the contribution of higher order of B to the
thermodynamical potential Ω(B, T ) because our calculation here is basically
due to the weak field approximation.
When we consider this model in a realistic system such as a planar system
in 3+1 dimensional world, the spontaneous magnetic field keeps to take non-
zero values up to a certain critical temperature where a kind of the hopping
to 3+1 dimension would occur and the system would be no longer regarded as
a planar system. These characteristics may be interesting in the connection
to the physics such as the high TC superconductivity [3].
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8 Conclusion
In this paper, we have investigated the spontaneous magnetization in
QED3 with a bare C-S term in the finite temperature system. At first, we
have analyzed the thermodynamical potential Ω as a function of temper-
ature, chemical potential and magnetic field in the fermion one-loop level
and the massless limit. Through these analyses, the consistency condition
at finite temperature have been assumed, which gives the relation between
µ, |B| and β. We have found that the negative coefficient of the linear B
term is induced in Ω by radiative correction. It means that the spontaneous
magnetization can occur even at high temperature as well as at zero temper-
ature. Secondly the spectrum of the physical photons has been investigated.
At T = 0, the photons become massless by radiative effects so that they
are regarded as the Nambu-Goldstone bosons for the spontaneous Lorentz
symmetry breaking due to B 6= 0. We found that in our model, the topolog-
ical mass vanish in the loop level even at finite temperature if the classical
magnetic field exists. Since the magnetic force is a long-range one even at
finite temperature unless there is a non-vanishing topological mass Π˜topo, we
find that the following statement is allowed. According to the spontaneous
magnetization, the magnetic part of the field strength has no any static mass
and become long-range forces. This statement is consistent with the results
by the thermodynamical potential approach above. Therefore we conclude
that the spontaneous magnetic field, which is generated at T = 0, does not
vanish even at finite temperature. This result is valid for the case of the
fermion massless limit.
As to the case with massive fermions, we have found that Π˜topo vanishes
in the chirally symmetric case (N+ = N− = N) putting qa = e > 0 and
ma = m 6= 0. However even in this case it remains unknown whether the
spontaneous magnetization occurs at finite temperature in the model with
massive fermions. We have not studied the details of the massive fermion
cases by thermodynamical potential approach yet. This is a future prob-
lem. These cases would be more important in connection with the fractional
quantum Hall effects and high TC-superconductivity.
Acknowledgments
Authors would like to thank Profs. K. Higashijima and H. Suzuki for
22
useful suggestions and discussions in the early stage of this work, Profs. K.
Kikkawa, Y. Okada and S. Iso for valuable discussions. Thanks are also due
to Prof. Y. Hosotani for effective discussions and comments.
23
APPENDICES
APPENDIX 1:
The Hamiltonian operator, Hˆ =
∑
a Hˆa, and the charge operator, Qˆ =∑
a Qˆa, are given by
Hˆa =
∞∑
n=0
∑
p
a†npanpω
a
n +
∞∑
n=1
∑
p
b†npbnpω
a
n −
∞∑
n=1
∑
p
ωan, (A.1)
Qˆa =
{
qa
∑
p(a
†
0pa0p − 12)
qa
∑
p(−b†0pb0p + 12)
}
+qa
∞∑
n=1
∑
p
(a†npanp − b†npbnp) ,
{
(ηaǫ(B) > 0)
(ηaǫ(B) < 0)
}
. (A.2)
The fermion sector of the thermodynamical potential (eq. (18)) is ex-
pressed in the classical level as
Ωfermi0 =
1
25/2π2
ζ
(
3
2
)∑
a
|qaB|3/2 −∑
a
|qaB|
2πβ
{ ∞∑
n=1
ln
(
1 + e−β(ωn−q
aµa)
)
+
∞∑
n=1
ln
(
1 + e−β(ωn+q
aµa)
)
+ ln
(
eβµaqa/2 + e−βµaqa/2
)}
, (A.3)
where we assumed the fermion massless limit (ma = 0). In the low temper-
ature limit (β → ∞), the second term of r.h.s. vanish and the result in ref.
[7] is reproduced. In the case of β2|qaB| ≪ 1, Ωfermi0 is calculated as [26]
Ωfermi0 =
∑
a
[
− 3
4πβ3
ζ(3) +O
(
β|qaB|2
)
+
q2a
4π
{∫ ∞
0
dx
1
1 + e
√
x
+O(|B|)
}
µ2a +O(µ4a)
]
. (A.4)
We see that there is no linear B term in Ωfermi0 because of eq. (14).
The estimation of ∆F˜ is approximately performed as follows. Since
the Π˜1Thermo rapidly becomes small for large |~p| by the factor e−~p 2l2a , we
can employ the cut-off l−1ave for the |~p| integral in ∆F˜ boson, where l−2ave =
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∑ |ηaq3aνa|/∑ |ηaq2aνa| · |B| is defined in ref. [8]. In the case of small l−2ave/κ2
(namely small |B|), we evaluate ∆F˜ boson as
∆F˜ boson =
1
4πβ
∫ l−2ave
0
dy ln
1− e−β
√
y+2Nω2
p
1− e−β
√
y+2Nω2
p
+κ2
=
1
4πβ
∫ l−2ave
0
dy
{
1
2
ln
y + 2Nω2p
y + 2Nω2p + κ
2
+O(y)
}
= − 1
8πβ
κ2
2Nω2p
l−2ave +O(l−4ave)
= − κe
8π ln 2
|B|+O(|B|2). (A.5)
Thus we can see in this rough estimation that the linear |B| term with a
negative coefficient appears.
APPENDIX 2:
The fermion propagator in the magnetic field, S(x, y) = −i〈0|Tψ(x)ψ¯(y)|0〉,
satisfies the relation
S(x, y)qB<0 = UCS(y, x)
t
qB>0U
†
C . (A.6)
The Fourier transformation is given by
S0(p) =
∫
d3x
(2π)3
eipxS0(x− y), (A.7)
where
S(x, y)qB>0 = e
−i(x1−y1)(x2+y2)/2l2S0(x− y)qB>0. (A.8)
The relation of the propagator between ηa = 1 fermions and ηa = −1 ones is
S0(p)ηa=−1 = S0(−p0, ~p)ηa=+1. (A.9)
The expression by the proper-time method is convenient in the calculation
[7]. For the ηa = 1-fermions, the expression for ν = 0 is
S0(p)
η=+1
ν=0 = −il2
∫ ∞
0
dτ(cos τ)−1ei(p
2
0
−m2+iǫ)l2τ−i~p 2l2 tan τ
×
{
(m cos τ + ip0 sin τ) I +
(
−ip1σ1 − ip2σ2
)
(cos τ)−1
+ (p0 cos τ + im sin τ) σ3} . (A.10)
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As to the case of ν = 1, it takes the form
S0(p)
η=+1
ν=1 = S0(p)
η=+1
ν=0 + f(p), (A.11)
where f(p) is defined by f(p) ≡ 2πie−~p 2l2δ(p0 −m)(I + σ3).
APPENDIX 3:
Boson self-energies, Πi’s, in the weak field approxima-
tion
In our approximation, Πi’s are formally expressed as
Πaν=00 (p, B) =
iq2a
~p2
∫
d3k
(2π)3
×
2
[
m2a + k0(k0 − p0) + ~k2 − ~p · ~k
]
(k2 −m2a + iǫ) [(k − p)2 −m2a + iǫ]
+O(B2), (A.12)
Πaν=01 (p, B) =
2iηaq
2
a
~p2
∫
d3k
(2π)3
× ma~p
2 − i(p0 − 2k0)(k1p2 − k2p1)
(k2 −m2a + iǫ) [(k − p)2 −m2a + iǫ]
+O(B2), (A.13)
Πaν=02 (p, B) =
4iq2a
(~p2)2
∫
d3k
(2π)3
×
p20
[
m2a + k0(k0 − p0) + ~k2 − ~p · ~k
]
+ ~p2 [m2a − k0(k0 − p0)]
(k2 −m2a + iǫ) [(k − p)2 −m2a + iǫ]
+O(B2), (A.14)
Πaν=10 (p, B) = Π
aν=0
0 (p, B)
−4πq
2
a
~p2
∫ d3k
(2π)3
ma + k0
k20 − ~k 2 −m2a + iǫ
×
{
e−(
~k−~p)2l2
a δ(k0 − p0 −m) + e−(~k+~p)2l2a δ(k0 + p0 −m)
}
,(A.15)
Πaν=11 (p, B) = Π
ν=0
1 (p, B)
+
4πηaq
2
a
~p2
∫
d3k
(2π)3
×
[
(ip1 − p2)k2 − (p1 + ip2)k1
k20 − ~k2 −m2a + iǫ
δ(k0 − p0 −ma)e−(~k−~p)2l2a
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+
−~p2 + (p1 − ip2)k1 + (ip1 + p2)k2
(k − p)2 −m2a + iǫ
δ(k0 −ma)e−~k2l2a
]
, (A.16)
Πaν=12 (p, B) = Π
aν=0
2 (p, B) . (A.17)
The straightforward calculation of (A.12) ∼ (A.17) reproduces the results in
[5, 7] up to the order O(B1J);
Πν=00 =
q2a
8π
1
(−p2)1/2
{√
z + (1− z) sin−1 1√
1 + z
}
, (A.18)
Πν=01 = −
ηaq
2
a
4π
√
z sin−1
1√
1 + z
, (A.19)
Πν=02 =
q2a
8π
1
(−p2)1/2
(√
z + (1− z) sin−1 1√
1 + z
)
, (A.20)
where z = −4m2a/p2 and
Πaν=10 = Π
aν=0
0 −
q2a
2π
1
p0l2a
{
1
p2 + 2map0
− 1
p2 − 2map0
}
, (A.21)
Πaν=11 = Π
aν=0
1 −
q2a
2π
ηa
l2a
{
1
p2 + 2map0
+
1
p2 − 2map0
}
, (A.22)
Πaν=12 = Π
aν=0
2 . (A.23)
APPENDIX 4:
Π˜0, Π˜1 and Π˜2 in weak field approximation
By using the replacement (21) and (22), the self-energies in the finite
temperature system are formally obtained from eqs. (A.12) ∼ (A.17). After
performing the angular integral included in d~k, the expression of Π˜i’s takes
the following form. For the ν = 0 case,
Π˜ν=00 (p3, ~p
2, B, β) = −q
2
~p2
1
2πβ
∞∑
n=−∞
∫ ∞
0
dk
k
k23 + k
2 +m2
×

1 + k
2 +m2 − p2 − (k3 − p3)(3k3 − p3)√
{(k + |~p|)2 +m2 + (k3 − p3)2} {(k − |~p|)2 +m2 + (k3 − p3)2}


+ O(B2), (A.24)
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Π˜ν=01 (p3, ~p
2, B, β) =
−q2η
2π
m
β
∞∑
n=−∞
∫ 1
0
dx
1
m2 + (k3 − p3x)2 − x(1− x)~p2
+ O(B2), (A.25)
Π˜ν=02 (p3, ~p
2, B, β)
= −p
2
3
~p2
Π˜ν=00 (p3, ~p
2, B, β)m +
q2
~p4
1
2πβ
∞∑
n=−∞
∫ ∞
0
dk
k
k23 + k
2
×

p23 + p
2
3k
2 − (4p2 + 3p23)k23 + (4k3 − p3)(p2 + p23)p3 − (4~p2 − p23)m2√
{(k + |~p|)2 +m2 + (k3 − p3)2} {(k − |~p|)2 +m2 + (k3 − p3)2}


+ O(B2). (A.26)
As to the case of ν = 1,
Π˜ν=10 (p3, ~p
2, B, β) = Π˜ν=00 (p3, ~p
2, B, β)
+
q2
2πl2p3
{
1
p23 + ~p
2 − i2p3m −
1
p23 + ~p
2 + i2p3m
}
+m×O(e−~p 2/(qa|B|)),
(A.27)
Π˜ν=11 (p3, ~p
2, B, β) = Π˜ν=01 (p3, ~p
2, B, β)
+
q2η
2πl2
{
1
p23 + ~p
2 − i2p3m +
1
p23 + ~p
2 + i2p3m
}
+O(e−~p 2/(qa|B|)),
(A.28)
Π˜ν=12 (p3, ~p
2, B, β) = Π˜ν=02 (p3, ~p
2, B, β). (A.29)
APPENDIX 5: Calculation of Π˜1Thermo(p = 0)
The second term in r.h.s. in eq. (58) is given by
Π˜1Thermo(p, B, β, µ) =
−1
2πi
2ηaq
2
a
~p2
∫ ∞
−∞
dλ
∫
d2~k
(2π)2
×
{∫ i∞+µ+ǫ
−i∞+µ+ǫ
dk0f(k0, λ)
1
eβ(k0−µ) + 1
+
∫ i∞+µ−ǫ
−i∞+µ−ǫ
dk0f(k0, λ)
1
e−β(k0−µ) + 1
−
∮
C
dk0f(k0, λ)
}
,
(A.30)
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where
f(k0, λ) ≡ (ip1 − p2)k2 − (p1 + ip2)k1
k20 − ~k2 −m2 + iǫ
ei(k0−p0−m)λe−(
~k−~p)2l2
a
−~p2 + (p1 − ip2)k1 + (ip1 + p2)k2
(k0 − p0)2 − (~k − ~p)2 −m2 + iǫ
ei(k0−m)λe−
~k2l2
a . (A.31)
The straightforward calculation produces
Π˜1Thermo(p, B, β, µ)
= +
ηaq
2
a
2π
p1 + ip2
~p 2
√
p0(p0 + 2ma) {θ(p0)− θ(−p0 − 2ma)}
×
{
θ(−p0 −ma + µa)
1 + eβ(−p0−ma+µa)
− θ(p0 +ma − µa)
1 + eβ(p0+ma−µa)
+ θ(p0 +ma − µa)
}
×e−~p 2l2e−p0(p0+2ma)l2
∫ 2π
0
dφe−iφe2l
2
√
p0(p0+2ma)(p1 cos φ+p2 sinφ)
+
ηaq
2
a
2π
p1 − ip2
~p2
√
p0(p0 − 2ma) {θ(−p0)− θ(p0 − 2ma)}
×
{
θ(ma − µa)
1 + eβ(ma−µa)
− θ(−ma + µa)
1 + eβ(−ma+µa)
− θ(ma − µa)
}
×e−~p2l2e−p0(p0−2ma)l2
∫ 2π
0
dφeiφe−2l
2
√
p0(p0−2ma)(p1 cosφ+p2 sinφ) (A.32)
To perform the integral for dφ in eq. (A.32), we expand the integrants by
|~p|. Then the integrations become
∫ 2π
0
dφe∓iφe±2l
2
√
p0(p0±2m)(p1 cosφ+p2 sinφ).
= ±2πl2
√
p0(p0 ± 2m)(p1 ∓ ip2) +O(~p 2). (A.33)
By using eq. (A.33), we finally obtain eq. (60) from eq. (A.32).
APPENDIX 6
The formula to divide functions into the zero-temperature part and ad-
ditional finite temperature part is [17]
29
1β
∑
n
f(k0) =
1
2πi
∫ i∞
−i∞
dk0f(k0) +
1
2πi
∮
C
dk0f(k0)
− 1
2πi
∫ i∞+µ+ǫ
−i∞+µ+ǫ
dk0f(k0)
eβ(k0−µ) + 1
− 1
2πi
∫ i∞+µ−ǫ
−i∞+µ−ǫ
dk0f(k0)
e−β(k0−µ) + 1
,
(A.34)
where f(k0) is a function without having singularities on imaginary axis and
contour C is defined in Fig. 4.
Euler-Mclaurin’s formula is given by
n∑
k=0
g(a+ hk) =
1
h
∫ a+nh
a
g(x)dx+
1
2
{g(a) + g(a+ nh)}
+
m−1∑
r=1
(−1)r−1 Br
(2r)!
h2r−1
{
g(2r−1)(a+ nh)− g(2r−1)(a)
}
+O(h2m),
(A.35)
where Br ≡ 2(2r)!/(22r − 1)π−2r∑∞n=1(2n+ 1)−2r (the Bernoulli numbers).
-i
  i
∞
∞
0 µ
C
k 0
Figure 4: The contour C for the integral in eq. (A.34).
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